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TURBULENT MIXING OF TWO LIQUIDS
WITH AN ARBITRARY LAW OF ACCELERATION

V. E. Neuvazhaev and V. G. Yakovlev UDC 532.517.4

Based on the (I-v) and (k—¢) models, the present paper examines, both numerically and analytically,
the turbulent mixing of two liquids of different densities at the interface between them for various
laws of their acceleration, namely, constant, decreasing, increasing, and pulsed ones. The numerical
results obtained by these models agree well with each other and with experimental data.

INTRODUCTION

The turbulent mixing generated by a shock wave (the Richtmyer—Meshkov instability) was experimentally
studied in many works. This phenomenon was also treated theoretically in [1-3]. However, there remain a number
of unsolved problems, for instance, those concerning the attainment of the asymptotic flow after the action of the
shock wave on the turbulent-mixing zone. It is required to establish whether this flow is a self-similar one. In our
opinion, the resultant asymptotic solution is self-similar [1], whereas Shvarts at al. [3] hold quite the opposite point
of view. To eliminate the contradictions, an analysis of a simpler situation seems to be helpful. Such a situation
was experimentally addressed in [4]. The experiments in [4] were carried out on a setup where an ampoule with
two incompressible liquids was accelerated by magnetic forces.

The results of [4] furnish a good test for validating turbulent-mixing models. In this study, four laws of
acceleration were considered, namely, constant in time, increasing, decreasing, and triangular ones. The specific
features of the setup used in [4] are such that, as the velocity of the ampule increases, a self-similar turbulent-
mixing flow is rapidly attained, in contrast, for instance, to the experiments of [5], where initial disturbances were
introduced into the flow at the interface between the liquids to avoid a delay in mixing. For some time, such
disturbances obviously influence the flow, and this effect should be taken into account when treating experimental
data.

The aim of the present work is to compare the previously proposed semi-empirical models [6-8] with the
results obtained in [4].

It should be noted that turbulent-mixing regularities were theoretically addressed in [9] for constant, pulsed,
power (g ~ t™), and sine laws of acceleration.

1. EQUATIONS OF THE (k—<) MODEL.
COMPARISON WITH EXPERIMENTS

General Equations. To describe the turbulent mixing of liquids in a stationary vessel under a gravity g,
a system of equations is used [5], which, for an incompressible liquid, reduces to the following system:
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Fig. 1. Turbulent-mixing asymmetry versus the difference in densities: the solid curve
refers to the (k—¢) model and the dashed and dot-and-dashed curves refer to La/L1 =

n%18 and n%225 respectively; points 1 refer to experimental data of [11, 12] and points

2 refer to experimental data of [5].
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Here o, ag, ce1, ce2, and ¢, are empirical constants, ¢; are the mass concentrations of the components (the subscript
i denotes respective components), k is the turbulent kinetic energy, e; is the rate of dissipation of this energy, D. is
the turbulent diffusivity, g(¢) is a tabulated function, p = pan/(c1 + n(1l — ¢1)) is the density of the mixture, p; are
the initial densities of the components, n = p1/p2, and d/dt = 9/0t — D, 9p/0m(0/0z). At the vessel boundaries,
the fluxes of all physical quantities equal zero.

Comparison with the Experiments of [11, 12] and [5] for Constant Acceleration. Figure 1 shows
the turbulent-mixing asymmetry as a function of the density ratio n for the case of constant acceleration. The solid
curve shows the numerical results obtained by the TURINB computer code [7] (here the penetration depth of the
light substance L; here was assumed to equal the distance between the interface and the point at which the volume
concentration of the light substance was 0.02, and the penetration depth for the heavy substance Lo was assumed
to equal the distance between the interface and the point at which the volume concentration of the light substance
was 1 — 0.06/n). The following values of the parameters involved were used: a. = 0.85, ap = 0.5, ¢ = 1.43,
ce2 = 1.85, and ¢, = 3.5.

Figure 1 also shows the experimental data of [11, 12] and [5]. The difference between the results obtained
in these studies is caused by the fact that, in these works, different methods were used to find the mixing front.
The experimental data obtained in [11, 12] can be fitted by the curve Ly/L; = n%2?25. The analytical dependence
Ly/L; = n%18 was obtained by solving self-similar equations. In this case, the position of the mixing front can be
determined exactly, the front being not blurred, as it occurs in finite-difference calculations.

If the width of the mixing region is not determined strictly by the front, then, in view of the experimental
results obtained in [5], we have I’

2 0.45

I (1+A)™,
where A = (p1 — p2)/(p1 + p2) is the Atwood number. In the present study, we use this formula, because the width
of the mixing region is determined below not by the front but using an integral procedure, which seems to be more
reasonable from physical considerations: the limit nlgrolo (L%/LY%) is finite. The density profile in [5] was measured in

the turbulent-mixing region, which ensures a better reliability of the data on the mixing asymmetry.
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Fig. 2. Dimensionless acceleration g/go versus time (go = 980 cm/sec?): (a) constant acceleration; (b) decreasing
acceleration; (c) increasing acceleration; (d) pulsed acceleration.
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Fig. 3. Comparison between numerical data and the experimental results of [4] (L1 = hy and s = Z): the solid
curves refer to numerical results obtained by the TURINB code and the dashed curves to results obtained by
numerical integration of system (3.4), (3.5); the points refer to experimental data for constant acceleration (1),
decreasing acceleration (2), increasing acceleration (3), and pulsed acceleration (4).
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Comparison with the Experiments of [4]. The experimental results of [4] were modeled using the
TURINB code with p; = 1 g/cm?, po = 1.57 g/cm3, and 10-cm layers of the light and heavy liquids. The values
of acceleration g were borrowed from [4]; they are shown in Fig. 2. The predicted values compare well with the

experimental ones (Fig. 3); in terms of 4], s = Z = //gdt’ dt.

2. EQUATIONS OF THE (I-v) MODEL
IN THE PIECEWISE-CONSTANT TURBULENT
DIFFUSIVITY APPROXIMATION

General Equations. In the case of two incompressible liquids that undergo mixing in an ampoule moving
with an acceleration g, the equations of the (I-v) model [10] reduce to a system of two equations for the density of
the mixture p and the turbulent kinetic energy k = V?2/2:

dp 0 _0p
E —_ a_x %7 (2.1)
0pV?  vpDV? dp 4 Olnp 0 In p\212
=Dg—+ - D - D
20t a?L? e + 3 3P [ ot ( ox ) }

oV? D dlpdpV? 5 [8lnp._p(alnp)2} (2.2)
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Here D = oLV, a, as, v, and 31 are constants of the model, which should be chosen from the best fit with the
experiment, L is the width of the mixing region, and g is the acceleration of the system. The above equations follow
from the gas-dynamics equations after their averaging and using the Kolmogorov—Prandt] hypothesis [10].

Approximate Equations. We consider the problem of mixing of two substances with densities p; at
x> 0 and p2 at < 0 for a given time-dependent acceleration g = g(t). Under the assumption that the turbulent
diffusivity D is a piecewise-constant function with a discontinuity at the point x = 0, we may construct the analytical
solution

(2.3)

aLV, x>0,
D= _
afBe LV, x <0,

where V is the mean turbulent velocity in the mixing region [0, L;] and [, is an empirical coefficient defined
below. In [1, 6], the coefficient (5 in formula (2.3) was assumed to equal unity, which resulted in mixing symmetry
at Ll = Lg.

The approach used in the present study is capable of ensuring the required mixing asymmetry obtained in
an experiment (or in a numerical study) through the Atwood number:

VB2 = (1+A)%. (2.4)
Under the above assumption, Eq. (2.1) for the density of the mixture reduces to a linear equation of diffusion with
a discontinuous coefficient, and the solution for two incompressible liquids with initial densities p; and ps may be
expressed through the probability integral ®(n):

0?%p
9p oz 2 9 — oL ot { po+ (pr—po)®(n), n>0,
—_— T = (O s p =
ar Pp po + (po — p2)®(n), n <O,
/82 axga T < 07

2.5
_ P1 +P2\/E P = l]e—z2 dz n= ‘T/(2\/7_—)7 x>0, ( )
S T/ v ’ 2/(2v/Ba7), x<0.

Solution (2.5) has no distinct front from which it would be possible to determine the mixing-region width.
Therefore, to find the turbulent-mixing front, we introduce the volume concentrations f; = (p — p2)/(p1 — p2) and
fa = (p1 — p)/(p1 — p2). With the parameters fi and fo, as in [1], we suggest using the integral procedure for
determining the widths L} and L3:
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From here on, the superscript asterisk is omitted.

It only remains to derive the equation for the mean turbulent velocity V(). We average Eq. (2.2) over the
entire mixing region —Ls < x < Ly. Instead of the coefficient D, we use its value (2.3) and pass from ¢ to 7. After
averaging over the region —Ls < x < Ly, we obtain the equation

d(V2M) | vVZM 1+ B?
2dr a?l? 1+ /(s

Using solution (2.5), we have

VIM  ®(V/2 VM

122 T

_ 1
= g®(m)VB2(p1 — p2) + 3 aga%n‘f Aé Xo
where

1+ 3 = =22
Xo= 52 VBt B4 AV (=B, M=l A= Ll

X_

p =

4‘1’(\/5771)

The bar denotes averaging over the mixing region [— Lz, L1]. The relation between the width L and the variable 7
is known from (2.6). Finally, we obtain the following equations for the unknown functions V2 and L:

av? V: o em)vVB2

1 Ao V2(VB2 — 1)”%] /.

o 4k, = UNVEZ GA
dL VLT R+ VB U
dL ~
E:mﬁ(lJr\/ﬁz)QV, L=1Ly+Ly=2n(1+ /B2 VT, (2.7)

v+ 57 e(v2m)
(1+ /B2 )*nia? 3v2
In derivation of Egs. (2.7), we used the equality L = 2(1 4 /B2 )n1v/T.

Allowance for Additional Acceleration. Choice of Model Constants. The developing turbulent
mixing gives rise to a flow of the substance with a velocity u = —Dd1In p/0x. We average this relation over the mixing
region —Lo < < L after multiplying both parts of the equality by p. We have 4 = —aLV (p1 —p2)®(n1)v/Ba/M =
—a/Ba(1+ /B2 ) AgV®(n1). The flow arising in this situation causes the interface move, which involves additional
acceleration

4 2,4
Ak, =1+ A2X, — % AL Xo.

o ou ov
G1=9+ 5 29— a(l+ V)V B2 Ac®(m) 5 (2.8)
The additional acceleration should be taken into account when calculating the generation term in Eq. (2.7) for
the turbulent kinetic energy. To this end, in the first equation of (2.7), the acceleration g should be substituted,
according to (2.8), by g;. This substitution results in a change in the coefficient at the derivative dV2/dL:
dv? Vi o)V
Zo—— + 4k, — = —VE2 G AG Zo=1+a?Ba(1+ /Bs)2A20%(ny). 2.9
0 dL Yy L 77%(1_'_\/@)9 0 0 ﬂ2( 62) 0 (771) ( )
The equation thus obtained is linear with respect to the function V2 and may be integrated for an arbitrary
time-dependent acceleration g.
The model includes three constants, namely, o, as, and v. Let us choose their values. We consider the
case of small Atwood numbers Ap; in this case, we may use the substitution k, ~ ko = 0.25 4+ v/(16n7a?) in the
coefficients entering Eq. (2.9) and set the acceleration in the form of a piecewise-constant function

576



) {go, 0 <t < to,
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0, t > to.

Under the above assumptions, the solution of Eq. (2.9) can be obtained in the analytical form [1]:

40272 P A t?
Mll(ﬁl)kgO 0C o<t <t,
Ly = 20 (2.10)
t—to
L (1 — ) , t>tp.
10 +Bo o 0

Here LlO = 4@27’]%@(7’]1)got0A0/(1 + 4/{0) and BO = 1/( + 2k0)

In integration, we used the condition Vo = Lo = 0 for t = 0. The theory [6] and the experiment [5] for A = 0
yield By = 2/7; hence, ko = 1.25 or v/(16n?a?) = 1. Here, we took into account that /B2 depends on A according
to (2.4) and (5 = 1 for A = 0. Following [5, 11, 12], we choose the constant « from the condition L; = 0.06go A 2.
We put the constant ag to equal unity. Taking into account that n; = 1.128, ®(n;) = 0.89, and <I>(\/§ n) = 0.97, we
finally obtain a@ = 0.282, a3 = 1, and v = 1.62. Obviously, the role played by the constant g = 1 is insignificant;
therefore, we put az = 0 for simplicity.

Analytical Solution for Constant and Pulsed Accelerations and for an Arbitrary Atwood Num-
ber. Let us integrate Eq. (2.9). For constant acceleration and zero initial conditions, Eq. (2.9) and the equation
for the mixing-region width in (2.7) yield the following solution:

L o202 (1 + VB2 V/Ba®(m) Ao

=J, = . 2.11
25 Zo + 4k, (2.11)

The solution for pulsed acceleration in the general case, in which Lg(0) # 0, can be obtained by introducing the
dimensionless parameter 3 = Upto/Lg. Then, the solution for the total width results from integration of Egs. (2.9)
and the second equation in (2.7). The action of pulsed acceleration results in the fact that, for an initial roughness
Lo # 0, Vi(B) and L1y assume the following values for the time to:

_ A —(1+ky)
V(8) = Vg, | 2201 Lo, (@) ,
202 (1 + 4k,)3 Lo Lo
i 1 (2.12)
1+ 852628 (1) A BA< —
L10 \/ ' 32kynia?®(m)

mé w for PA>— 1
1+ 4k 2(1+ 4ky) 32kyn?a®(m)

Here A = 2A0(1 4+ v/B2)/Zo, ky = ky/Zo, and & = a(1 + /B2 )?/4. In deriving (2.12), we used the following
approximate representation of the solution:

®(m1) L 144k,
\/277 ) e

v_
U, = -
d(m)BA L L 144k
2m3(1 +4k,) Lo” Lo~ 4k,
After the action of pulsed acceleration, the solution is given by the formulas V = (L1o/L)~B)/BV,(3),
B
+
L= L |1+ 2720 T2 G 0| (2.13)
BLyy
B = Zo/(Zo + 2k,). (2.14)

Formulas (2.11) and (2.14) describe the dependence of the intensity .J; and power exponent B on the Atwood
number A. These dependences are shown in Fig. 4. Roughly, they may be expressed by the following simple
formulas
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Fig. 4. Intensities Ji y— and Ji,;—, and degrees of decay Bip—. and Bj—, of
turbulent mixing versus the Atwood number A in the (I-v) and (k—€) models.

% =.J; =0.06(1+0.61A) A, B = % +0.09 A?. (2.15)

Thus, the widely-used linear dependence J;(A) is valid only in a vicinity of small values of A. Therefore, in
using this dependence in the limiting case A = 1, one has to multiply the coefficient o by a factor of 1.61. With
increasing Atwood number, in the (I-v) model, the power exponent B also increases from 0.28 to 0.38.

Solution for Arbitrary Acceleration (Comparison with the Results of [4]). For arbitrary acceler-
ation, Eq. (2.9) and the second equation in (2.7) can be integrated numerically. In the case of pulsed acceleration,
the solution is given by formula (2.13). For the initial conditions Uy = 3.4 cm/msec, L1g = 0.4 cm, {9 = 9 msec,
and A = 0.22, we have L = 0.4[1 + 0.786(t — 9)]%-2%8 cm.

It should be noted that the mixing-region width Lo at the moment the acceleration stops acting coincides
with the measured one. The latter means that, in the experiment, random initial disturbances of small amplitude
occurred at the initial moment, so that the initial roughness Ly could be neglected, compared to the width Liq
obtained after the action of pulsed acceleration. An estimate of Lqg results from (2.12) under the assumption of
high values of the parameter § (6 — 0):

_ | ®(n) AUt
VLo = dmé (m)AUoto

21 + 4k,)
Equation (2.9) and the second equation in (2.7) for small Atwood numbers are identical to Eqs. (1) in [4]:
dVi? V2 dhy
b B Ag—Cy b — =V. 2.16
dhy PoAg—Cy hy il b (2.16)

Here hy = Ly and V, = 1.5V. The choice of the constants 3y and Cy in the present study differs from that in [4]):
Bo = 0.73 (instead of 0.5 in [4]) and Cy = 2.3 (instead of 1.6 in [4]).

Note also that, unlike the equation obtained in [4] [Eq. (2.16) in this work], the resultant equation (2.9)
is more general, since it establishes an additional dependence of the solution on the Atwood number. Equations
(2.16) for the mixing intensity J; yield the formula J; = 0.06A, whereas law (2.15) follows from (2.9).

3. EQUATIONS OF THE (k—<) MODEL
IN THE PIECEWISE-CONSTANT DIFFUSIVITY APPROXIMATION

The piecewise-constant diffusivity approximation may be also applied to the equations arising in the (k—¢)
model [1]:
c k? /&y, x>0,
D, = { : (3.1)

CuﬂQEQ/gt, x < 0.
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Here f3; is the coefficient that can be determined empirically using formula (2.4); the turbulent energy k and the
intensity &; are functions of time only. On averaging the initial equations of model (1.1) over the mixing region
—Ly <z < Ly, we obtain

dk k g2 ~ P(m)VB2 A0

- _p _
az2 T LU PR WELA+ V)

e pay et} ®(m)VBace, G A 52)
dL? L2 dni(1+ VB2 )%cuk? MLk(1+VB2) '

dL? 5 9 k
at dnte,(1++/B2)° —

where Py = —0.5 — 1/(6v/2)®(v/2m1) A X, and P, = —0.5 — 1/(3v/2)®(v/211) A3 X,. To simplify the equations
thus obtained, we adopt one more assumption [13], namely, we put the model constant c.; equal to 1.5 instead of
1.43 in the general model. In this case, equations of model (3.2) admit the integral

18 — V20(v2m)ASX, K

=2 4 2~ .
= MCu 3(2052 . 3) LQ? (3 3)
where &, = ¢, (1+/B2)?/4 and Ag = 2A0/(1+/Ba).
In view of (3.3), Egs. (3.2) may be written as
dk k @(m)vBagoAo
0 2P — = ——————— 4
AL TR T (34)

2652 - 3)
dt 8771\/>\/18 — V20 (\In) AL (3

where

3(2ce2 — 3)c,® () VB2 Al
72 (18 — V2®(v2m1) AZX,)

Here, the additional acceleration

18 — V2®0(v2m) A3 X

0o = 1
o=t 12(2ce5 — 3)

Ps=—-FPy+

3(2cc2 —3)®(m) Ay dk
= —2¢,\/B2(1+ /B2) 15— V20(v2m) AZX, I

is taken into account, which should be added to the acceleration g in the right-hand part of the first equation
n (3.2).

With k = V?2/2, Eq. (3.4) for small Ag becomes equivalent to (2.9). With a. = 0.85, ¢, = 1.62, c.o = 15/8,
m = 1.128, ®(n1) = 0.89, and ®(v/27;) = 0.97, Egs. (3.5) and (2.7) for the mixing-region width become identical
to each other for small Ay and consistent with formula (2.10) (0 < ¢ < t9). However, if Ay is not small, other
dependences, different from (2.15), arise in the (k—¢) model (see Fig. 3).

The intensity J; and the power exponent B depend on the Atwood number as follows: dL;/2ds = J; =
0.06(1 + 0.42A)A and B = 2/7 4+ 0.05A%. A comparison between the intensity .J; and the degree of decay B of
turbulent mixing predicted by the (I-v) and (k—¢) models is shown in Fig. 3. The intensities Ji y— and Jy ;—, are
almost coincident for small A; however, for A = 1, we have Ji —/J1,—» = 1.14. The value of B increases with the
Atwood number in both models but more slowly in the (k—¢) model. As a result, B;—,/Bj— = 1.12 for A =1. To
clarify the reason for the above differences, additional experiments are necessary.

The results of integration of system (3.4) and (3.5) for four types of acceleration and A = 0.22 are shown in
Fig. 3. A comparison of these results reveals a good correlation with the experimental data of [4], which validates
the approximate model.
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CONCLUSIONS

With the use of the (k—¢) model, development of the turbulent-mixing region is considered for four types
of acceleration, namely, constant, decreasing, increasing, and pulsed ones. The numerical results obtained with the
help of the TURINB computer code agree well with the experimental data of [4].

In the piecewise-constant turbulent diffusivity approximation, analytical solutions are constructed for con-
stant and pulsed acceleration, and also for four types of acceleration from [4]. In the (I-v) and (k—¢) models,
simple analytical expressions that describe the turbulent-mixing intensity dL;/2ds and the degree of decay B as
functions of the Atwood number are derived. There is a certain discrepancy between the two models, and available
experimental data do not permit the final decision between them.

The results obtained by the exact (k—) model and the approximate (I-v) and (k—) models are compared
with the experimental data of [4]. The comparison show a good correlation between the experiment and the theory,
which justifies the previously made choice of constants in the (k—) and (I-v) models, and provides support for the
approximate formulas proposed. Of obvious interest is a similar comparison for other known semi-empirical models.

The authors are grateful to A. V. Polionov for useful comments on the work.
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